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It is shown that the following classes of graphs are recognizable (i.e. looking at the 
point-deleted subgraphs of a graph G one can decide whether G belongs to that class or not): 
(1) perfect graphs, (2) triangulated graphs, (3) interval graphs, (4) comparability graphs, (5) split 
graphs. 
Furthermore we show the reconstructibility of (1) threshold graphs, (2) split graphs G, for 
which holds o(G) + o(G) = ICI+ 1, (3) split graphs, which are in addition comparability graphs, 
(4) unit interval graphs. 
0. Formal&m 
A graph G is an ordered pair of a finite set of vertices V(G) and a set of edges 
E(G) consisting of two-element subsets of V(G). Thus we speak about undirected 
graphs without loops and multiple edges. If XC V(G), then X denotes the 
subgraph induced by X. Let x E V(G); G, is defined to be the subgraph induced 
by V(G)\(x). IG] is the number of vertices of G. 
H is a reconstruction of G, if there exists a bijection 4 from V(G) onto V(H) 
such that G, is isomorphic to I+&) for every x E V(G). G is reconstructible, if 
every reconstruction of G is isomorphic to G. A class K of graphs is recognizable, 
if every reconstruction of a G E K belongs to K too. A parameter p is reconstruc- 
tible, if for each graph G all reconstructions of G take the same value for p as G 
does. 
If not stated otherwise, we use the definitions of [4]. 
All theorems below refer to graphs with more than 2 vertices. 
1. Some recognizable classes 
1.1. Theorem. The class of perfect graphs is recognizable. 
Proof. An easy application of Kelly’s lemma yields that the clique type of a graph 
is reconstructible; the clique type is defined to be the sequence (q)i=1,.__,(G\, where 
ci is the number of i-cliques in G. (Kelly’s lemma can be found in [l, p. 2291). 
Thus the clique number o is reconstructible. 
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Furthermore it is known (see [1]) that the chromatic number x is 
reconstructible. 
Assume now G to be a perfect graph and let H be a re~onst~ction of G. We 
have to show that H is perfect too. From the above observations we get: 
x(H) =x(G) = o(G) = o(H). 
Let then A c V(H). By definition there exists an A’c V(G) such that A is 
isomorphic to A’. As G is perfect, one gets x(A) = w(A). Thus H is perfect. 
1.2. Theorem. Y%e class of tiangulated graphs is recognizable. 
Proof. Assume G is a triangulated graph. Then there exists a perfect vertex 
elimination scheme for G, which starts with a vertex X. By definition the subgraph 
induced by (x} U Adj(x) is a clique with d(x)+ 1 vertices. Let H be a reconstruc- 
tion of G and 4 be the corresponding bijection from V(G) onto V(H). Since GX 
is triangulated, K(x) is triangulated too. G, possesses exactly one d(x) + 1 clique 
less than G. Since the degree of x in G equals the degree of #(x) in H and the 
clique type of G is reconstructible, 4,(x) is simplicial in H. Thus H is triangulated. 
1.3. Theaem. The class of com~arabi~i~ Gladys is recognizable. 
plroof, Assume that G is not a comp~abili~ graph and let H be a re~ons~ction 
of G and # the corresponding bijection. It suffices to show that also H fails to be 
a comparability graph. 
In [3] it was shown that every non-comparability graph possesses an induced 
subgraph which is isomorphic to an element of a certain class K of graphs (see for 
this also [7]): K consists of graphs being isomorphic to 
-a graph CZM:, n a2 (see Fig. 1); 
- a graph J,, n a2 (see Fig. 2); 
- a graph Jk, n ~3 (see Fig. 3); 
- a graph JE, n 32 (see Fig. 4); 
-the complement of a graph B,, n 2 1 (see Fig. 5); 
-the complement of a graph C,, n a6 (see Fig. 6); 
- the complement of a graph I..,,, n 2 1 (see Fig. 7); 
-the complement of a graph LA, n 3 1 (see Fig. 8); 
- the complement of one of the graphs given in 17, p. 366] (all those graphs have 
less than 8 vertices; so they are all re~onst~ctible~ee [SJ. 
Assume first that G itself is isomorphic to an element of kc, We then show that G 
is reconstructible: 
- If G is isomorphic to a graph C2n+l (n 22), a graph J, (n 32), or to the 
complement of a graph B,, (n 3 I) or C, (n 2 6), then the reconstructibility of G is 
directly implied by the reconstructibility of the degree sequence of G. 
-If G is isomorphic to a graph JA (n 23) or Jz (n ~2), then look at the 
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point-deleted subgraph G,, of G (x1 is that vertex in G, which corresponds to the 
vertex in Jk/Ji, which is labeled by ‘1’ in Fig. 3/Fig. 4). Obviously, by the 
reconstuctibility of the degree sequence, 4(x,) has to be adjacent to all 4(y) with 
y E Adj(x,). Thus H is isomorphic to G and so G is reconstructible. 
-If G is isomorphic to the complement of a graph I,, (or Lk) with n 2 1, then it 
suflkes to show the reconstructibility of L,, (or LL). But the reconstructibility of 
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I& (or La one immediately perceives from looking at the point-deleted subgraphs 
(L), (or (C,L) ( w h ere x denotes the ‘x7-labeled vertex in Fig. 7/Fig. 8) and from 
the reconstructibility of the degree sequence. 
So assume G possesses a proper induced subgraph, which is isomorphic to an 
element of K. A slight modification of Kelly’s lemma (looking only at induced 
subgraphs-see for this the proof of Lemma 2.4.) yields that then H too possesses 
an induced subgraph which is isomorphic to an element of K. Thus H fails to be a 
comparability graph. 
1.4. Theorem. The class of comparability graphs of trees is recognizable. 
Proof. As was shown by Wolk [8], a graph is the comparability graph of a tree if 
and only if it is connected and every path of length ( = number of vertices) 4 
possesses a chord. Kelly’s lemma gives the result. 
1.5. Corollary. The classes of the permutation graphs, the split graphs, and the 
interval graphs are recognizable. 
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Proof. From 1.2 and 1.3 one immediately perceives that the classes of the 
cotriangulated and of the cocomparability graphs are recognizable; by this (see [4, 
p. 1491) follows the corollary. 
2. Some reeonstruct&le graphs 
2.1. l’korem. Threshold graphs are reconstructible. 
Proof. That the class of all threshold graphs is recognizable follows from the 
following theorem (see [23: 
-A graph is a threshold graph if and only if it has no induced subgraph 
isomorphic to 2&, P4 or Cd. 
The reconstructibility of a threshold graph is obtained then from the fact that 
every threshold graph is uniquely determined by its degree sequence (see [2& 
Since every threshold graph is especially a split graph which is in addition a 
comparability graph, one also can deduce 2.1 from Theorem 2.3 below. 
2.2. Theorem. Split graphs G, for which holds (r(G)+ o(G) = jG\ + 1, are recon- 
structible. 
Proof. The condition a(G) + o(G) = ICI+ 1 seems to be very restrictive but for a 
split graph there is only one further possibility, namely a(G) + o(G) = IGl (see [4, 
p. 150~. 
Assume now G to be a connected split graph with a(G) + o(G) = ICI+ 1 and 
let H be a reconstruction of G with the corresponding bijection 4. Divide V(G) 
into two sets S and K such that K is a maximal clique and S is a stable set. Our 
assumption implies that there exists at least one x E K, which is sirnplicial in G. 
Case 1: In K there are 3 or more simplicial vertices; let x be one of them. The 
only possibility to extend (H\{4(x)})- to a graph with a (IK](-clique is to join 4(x) 
with all vertices of ~[K\{x}]. Thus G and H are isomorphic. 
Case 2: In K there are exactly 2 simplicial vertices; let x be one of them. 4(x) 
has to be connected with the vertices of a llK/-- 1 clique in (H\{4(x)))-. 
Disregarding with which IlKll- 1 clique 4(x) is connected, the graph H is 
isomorphic to G. 
Case 3: In K there exists exactly one simplicial vertex X. Observe that 4 
induces a degree-preserving one-one correspondence between the simplicial 
vertices of G and 2X If 4(x) is not adjacent to all the elements of +[Adj(x)], then 
Adj(4(x)) contains an element b of 4[S]. Assume this b is of degree \\K/- 1. Let 
y be the unique vertex of K such that d(y) is not adjacent to 4(x). If y is not 
adjacent to any vertex of S different from b, then G and H are clearly 
isomorphic. If y is adjacent to some element of S different from b, then H has less 
simplicial vertices than G-contradiction. If one however assumes that b is of 
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degree IlKll- 2, then there does not exist an order-preserving one-one correspon- 
dence between the simplicial vertices of G and H-contradiction. 
2.3. Theorem. Splitgraphs, which are additionally comparability graphs, are recon- 
structible. 
Proof. Assume G to be a connected split graph, which is isomorphic to the 
comparability graph of a certain partial order 9 = (P, e). Let f be the correspond- 
ing bijection from V(G) onto I? V(G) can be divided into two parts S and K such 
that S is stable and g is a maximal clique in G. By definition K corresponds via f 
to a maximal chain PK in 9. Let a be the maximal element of PK and b the 
minimal element of PK. P\ PK can be divided into three disjoint sets A, B and C 
(see Fig. 9): 
The elements of A are smaller than a but incomparable to b. 
The elements of 23 are incomparable to a but greater than b. 
The elements of C are comparable to a and b. 
b 
Fig. 9. 
Several cases are possible: 
(i) A, B, C empty: Then G is complete and thus reconstructible. 
(ii) A non-empty, 8, C empty: Then f-l(b) is simplicial in G. 
Therefore (u(G)+ o(G) = ICI+ 1; by 2.2 G is reconstructible. 
(iii) B non-empty, A, C empty: Symmetric to (ii). 
(iv) C non-empty, A, I3 empty: Then there exists a certain c E PK in the 
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‘middle’ of the chain such that f-‘(c) is simplicial (K was chosen maximal). Thus 
cr(G)+w(G) = ICI+ 1, and by 2.2 G is reconstructible. 
(v) A, C non-empty, B empty: Then there exists an x E K with degree IG] - 1 
and thus G is reconstructible. 
(vi) B, C non-empty, A empty: Symmetric to (v). 
(vii) A, B non-empty: Then there exist exactly two maximal subcliques K1, K2 
of K such that every maximal clique contains K1, K2 or both. From this, Kelly’s 
lemma and the reconstructibility of the clique type one perceives that every 
reconstruction H of G possesses corresponding cliques K; and KJ. Obviously, H 
is isomorphic to G. 
2.4. Lemma. The number of the induced P,, (chordless paths with n vertices) is 
reconstructible. 
Proof. The proof runs along the same line as the proof of Kelly’s lemma. Let G 
be a graph and let s be the number of induced subgraphs of G isomorphic to P,. 
If n = ICI, G is reconstructible and so is s (we are only looking at graphs with 
more than two vertices). Assume then InI C G and let (x&=~,___,I~I be an enumera- 
tion of V(G). si shall be the number of induced subgraphs of Gq isomorphic to 
P,,. s can be obtained from the Si and n as follows: 
Thus s is reconstructible. 
If representing a connected unit interval graph G as a set of intersecting unit 
intervals in the reals, then some of the vertices of G may be represented by 
right/left-most intervals. Such vertices we shall call endvertices. This concept can 
be described by only referring to the vertex-deleted subgraphs. 
2.5. Lemma. Let G be a unit interval graph and assume n to be the largest number 
such that G possesses an induced subgraph isomorphic to P,. x is an endvertex if 
and only if x is simplicial and G, possesses less induced subgraphs isomorphic to P,, 
than G does. 
Proof. This lemma is the consequence of the following three facts: 
(i) The number of induced chordless paths with maximal length is reconstructi- 
ble (special case of 2.4). 
(ii) Through a simplicial vertex, which fails to be an endvertex, there runs no 
induced maximal chordless path. 
(iii) Every endvertex belongs to a maximal induced chordless path. 
2.6. Lemmrr, The class of unit interval graphs is recognizable. 
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Proof. Use the following theorem (see [63): 
- G is a unit interval graph if and only if G is an interval graph without an 
induced subgraph isomorphic to K1,3. 
1 
Combining this with 1.5 and a modification of Kelly’s lemma one gets the 
result. 
2.7. Coro&y. Let H be a reconstruction of a unit interval graph G and let 4 be the 
corresponding bijection. If x E V(G) is an endvertex, then #(x) is an endvertex too. 
Proof. Use 2.5 and 2.6. 
2.8. Definition. Let G be a unit interval graph and let I? = ((a,, a, + l))i=l, . . . , IGI 
with ai < ai for i < j be a sequence of unit intervals of the reals such that G is 
isomorphic (via a bijection f from V(G) onto the intervals) to the intersection 
graph of the intervals belonging to R. We call (R, f) a representation for G. Let q 
be the vertex, which corresponds (via f) to (a,, ai + 1). 
The lefthand degree sequence of G (determined by R and f) is defined to be the 
sequence (di)i = l,...,\GI, where 4 is the degree of 4 in the subgraph induced by 
{xi, xi+l, * * - 9 x,Gl)- 
The righthand degree sequence of G (determined by R and f) is defined to be 
the sequence (&Ii = l,...,IG(, where 4, is the degree of xIG(__I+l in the subgraph 
induced by {Xl, . . . , XlGj-i+l}s 
2.9. Observation. Let (R, f) be some fixed representation of a unit interval graph 
G. Assume (S, g) to be another representation of G. Then the righthand/lefthand 
degree sequence determined by S and g is equal either to the righthand or to the 
lefthand degree sequence determined by R and f. Furthermore a unit interval 
graph G is up to isomorphism determined by some lefthand or righthand degree 
sequence. 
2.10. Theorem. Unit interval graphs are reconstmctible. 
Proof. It suffices to look at connected unit interval graphs. Let G be a unit 
interval graph and x E V(G) be an endvertex of G. Assume H to be a reconstruc- 
tion of G with the corresponding bijection 4. 
By 2.6 we know that H is a unit interval graph and by 2.7 it is clear that 4(x) is 
an endvertex in H. Let R = ((a,, q + l))i=1,.__,1G1, together with an appropriate 
bijection f, be a representation of G such that f(x) = (a,, a, + 1). Then R’ = 
((a,, & + l))i =2,...,IGI and the restriction f’ of f to V(G,) give a representation of G,. 
R’ with an appropriate bijection g’ is also a representation of H&,. Because of 
2.7 there are only two possibilities for 4(x) in H: 
(i) 4(x) is connected to g’-‘((a,, a, + 1)) for i = 2,. . . , d(x)+ 1. Thus g’ is 
extendible to a bijection g from V(H) to the intervals of R such that (R, g) is a 
representation of H. So G and H are isomorphic. 
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(ii) 4(x) is connected to g’-‘((a,, a, + 1)) for i = 1GI - d(x)+ 1, . . . , ICI. If 
(di)i=l....,IGI is the lefthand degree sequence of G and (;Ii)i=,,__.,I,i is the right hand 
degree sequence of G, then the lefthand degree sequence of H is 
(4, . . . , d,c+-d,, &I-d,+l+ 1, . . ., dIGI+ LO> 
and the righthand degree sequence of H is 
(4, 61, . . . , &+M,, &s,-d, - 1, . - . , &+-l- 1). 
Look now at y: =f-l((a IGl, alGI+ 1)). Since y is an endvertex of G, 4(y) is an 
endvertex of H (by 2.7). Obviously, R” = ((a,, a, + l))i=l,..., IGl-1 together with the 
restriction f” of f to V(G,) is a representation of GY and thus R” together with an 
appropriate bijection g” is a representation of E&). One only has to look at the 
case where 4(y) is connected to g”-‘((a,, L+ + 1)) for i = 1, . . . , d(y). 
The lefthand degree sequence of H is thus 
(&, &, . . - , dlG,-l-c&, dlcy-;I, - 1, . . - , ‘&1--l - 1) 
and the righthand degree sequence of H is 
6% - - . , &,--;i,, &-&+I + 1, - ’ - , &,+ 1, 0). 
So we have expressed the left/right-hand degree sequence of H in two different 
ways. An easy but lengthy computation yields that the righthand degree sequence 
of H equals the lefthand degree sequence of G and the lefthand degree sequence 
of H equals the righthand degree sequence of G. So H is isomorphic to G and 
thus the unit interval graphs are reconstructible. 
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